Saito duality between Burnside rings for 
invertible polynomials 

Wolfgang Ebeling and Sabir M. Gusein-Zade * 

Abstract 

We give an equivariant version of the Saito duality which can be 
regarded as a Fourier transformation on Burnside rings. We show that 
(appropriately defined) reduced equivariant monodromy zeta functions 
of Berglund-Hiibsch dual invertible polynomials are Saito dual to each 
other with respect to their groups of diagonal symmetries. Moreover 
we show that the relation between "geometric roots" of the monodromy 
zeta functions for some pairs of Berglund-Hiibsch dual invertible poly- 
nomials described in a previous paper is a particular case of this duality. 

Introduction 

In a number of papers it was shown that the Poincare series of some natu- 
ral filtrations on the rings of germs of functions on singularities are related 
(sometimes coincide) with appropriate monodromy zeta functions. In some 
cases (see, e.g., [1]) this relation is described in terms of the so-called Saito 
duality ([E], [E]). This duality also participates in relations between mon- 
odromy zeta functions of Berglund-Hiibsch dual invertible polynomials: [6], 
[5]. Non-degenerate invertible polynomials are the potentials of invertible 
Landau-Ginzburg models in string theory: [TT]. Berglund-Hiibsch dual non- 
degenerate invertible polynomials are particular cases of the homological mir- 
ror symmetry for hypersurface singularities: [6] . In [7] , it was shown that this 
symmetry can be extended to orbifold Landau-Ginzburg models, i.e. to pairs 
(/, G) consisting of an invertible polynomial / and a certain abelian group G 
of its symmetries. This gives a hint that there can exist an equivariant ver- 
sion of the Saito duality which participates in relations between monodromies 
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of dual invertible polynomials with fixed symmetry groups. Here we give an 
equivariant version of the Saito duality which can be interpreted as a Fourier 
transformation on Burnside rings. This gives a better understanding of the 
Saito duality. We show that (appropriately defined) reduced equivariant mon- 
odromy zeta functions of Berglund-Hiibsch dual invertible polynomials are 
Saito dual to each other with respect to their groups of diagonal symmetries. 
Moreover we show that the relation between "geometric roots" of the reduced 
monodromy zeta functions for some pairs of Berglund-Hiibsch dual invertible 
polynomials described in is a particular case of this duality. 
Saito duality is a duality between rational functions of the form 

^(t) = n(i-n^- (1) 

m,\d 

with a fixed positive integer d. The Saito dual of (f with respect to d is 

<^*(t) = -t^/™)-^-. (2) 

m\d 

For example, the characteristic polynomials of the classical monodromy 
operators (or, equivalently, the reduced monodromy zeta functions) of the 
dual (in the sense of Arnold's strange duality) pairs of the 14 exceptional 
unimodular singularities in three variables are Saito dual to each other with d 
being the quasidegree of their quasihomogeneous representatives. 

The reason for the minus sign in the exponent in the classical definition of 
the Saito dual ([2]) is connected with the fact that initially it was applied only 
to surface singularities. One can say that, for hypersurface singularities in C", 
one should define the Saito dual oi cp as Yli^ ~ -f.d/m-s^{~i)"s^ g^^^ ^^i^t 

m\d 

the reduced monodromy zeta function of an exceptional unimodular singularity 
with the number of variables different from 3 is either Saito dual to the reduced 
monodromy zeta function of its dual counterpart or is inverse to the dual one). 
This is the reason why we keep the definition ([2]) for rational functions but 
shall not follow the sign convention in the definition of the equivariant version 
of the Saito duality below. 



1 Symmetries of invertible polynomials 

A quasihomogeneous polynomial / in n variables is called invertible (see [TT]) 
if it is of the form 

n n 

f{xi,...,Xn) = ^aiY[xf' (3) 

1=1 j=l 
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for some coefficients G C* and for a matrix E = (Eij) with non- negative 
integer entries and with det E ^ 0. Without loss of generahty one may assume 
that Oj = 1 for i = l,...,n. (This can be achieved by a rescahng of the 
variables Xj.) An invertible quasihomogeneous polynomial / is non- degenerate 
if it has (at most) an isolated critical point at the origin in C". 

According to [12], an invertible polynomial / is non-degenerate if and only 
if it is a (Thom-Sebastiani) sum of invertible polynomials in groups of different 
variables of the following types: 

1) xf X2 + X3 + . . . + x^S^Xm + x^^xi (loop type; m > 2); 

2) x{^X2 + xf^xs + . . . + oc^^ZiXm + (chain type; m > 1). 

An invertible polynomial (E]) has a canonical system of weights w = 
(wi, . . . , w„; (i/), where Wi is the determinant of the matrix E with 
the ith column substituted by (1,...,!)^ and df = detE. One has 
f{\^^Xi, . . . , X^'^Xn) = \'^f{xi, . . . , x„). The canonical system of weights may 
be non-reduced, i.e. one may have cj = gcd(wi, . . . , w„) 7^ 1. The reduced 
system of weights is W = (Wi, . . . ,Wn', df) = {wi/cf, . . . , w„/c/; dj/cj). 

The Berglund-Hiibsch transpose f of the invertible polynomial (|3]) is defined 

by 

n n 

7(xi, . . . , x„) = ^ aj JJ xf' . 

i=i j=i 

If the invertible polynomial / is non-degenerate, then / is non-degenerate as 
well. 

If the canonical system of weights of / is reduced, the canonical system of 
weights of / can be non-reduced (see examples in [5j). The canonical quaside- 
grees of / and / coincide. 

Let / be a quasihomogeneous polynomial in n variables. 

Definition: The (diagonal) symmetry group of / is the group 

Gf = {(Ai, . . . , A„) G (C*)" : /(Aixi, . . . , A„x„) = /(xi, . . . , x„)} , 
i.e. the group of diagonal linear transformations of C" preserving /. 

" E-- 

For an invertible polynomial / = X] 11 ^7 ^^e symmetry group G/ is 

i=ij=i 

finite and is generated by the elements 

aj = (exp(27rz ■ aij), . . . , exp{2ni ■ a„j)) 

corresponding to the columns of the matrix E~'^ = (okj) inverse to the matrix 
E of the exponents of /. This implies the following statement 
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Proposition 1 ([11]). \Gf\=df. 

For an invertible polynomial of loop or chain type the group G/ is a cyclic 
group of order df-. [11]. For the Thom-Sebastiani sum of polynomials the 
symmetry group G/ is the direct sum of the corresponding groups for the 
summands. 

For a finite abelian group G, let G* = Hom {G, C*) be its group of char- 
acters. (As abelian groups G and G* are isomorphic, but not in a canonical 
way.) 

Proposition 2 ([3J). G^^G}. 

One has the following identification of Gj and G*j-. Let 

A = (exp(27ri ai), . . . , exp(27ri q;„)) G Gj, 
H = (exp(27ri /3i), . . . , exp(27ri /?„)) G G/. 

Define (A, /i)^; as {\,Ij)e = exp(27ri (a, /?)£;), where 

{a,§)E ■■= (ai, . . . ,a„)E(/3i, . . . ,/3n)^- 

An element /i = (exp(27r2 /3i), . . . , exp(27ri /?„)) belongs to G/ if and only if 
E{Pi, . . . , Pn)'^ is an integral column vector. This implies that adding integers 
to does not change {X,fi)E- The same argument shows that the 

ambiguity in the choice of /3i, . . . , /3n does not influence the value {\,ij)e- 
Therefore the pairing {—,—)e is well defined. The pairing {—,—)e associates 
to an element of Gj a homomorphism G/ — ?■ C*. Let A G Gj be such that 
{X,fi)E = 1 for all fi E Gf. This means that (ai, . . . , an)(fci, . . . , fc„)^ is an 
integer for arbitrary integers ki, . . . ,kn and therefore A = 1 . Thus the pairing 
defines an isomorphism between Gj and Gy This permits to identify these 
groups. 

The following definition was given in [3]. 

Definition: ([3]) For a subgroup if C G its dual (with respect to G) H G G* 
is the kernel of the natural map : G* — )■ H* induced by the inclusion 
i:H^G. 

In [7, Proposition 3], it was shown that, for G being the symmetry group Gj 
of a non-degenerate invertible polynomial /, this definition coincides with the 
one from [10]. One can see that the dual to H (with respect to G*) coincides 
with H, the dual to G (as a subgroup of G itself) is the trivial subgroup 
(e) C G*, the dual to (e) C G is the group G*. 
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2 Equivariant monodromy zeta function 



Let G be a finite group. A G-set is a set with an action of tlie group G. A 
G-set is irreducible if tfie action of G on it is transitive. Isomorphism classes 
of irreducible G-sets are in one-to-one correspondence with conjugacy classes 
of subgroups of G: to the conjugacy class containing a subgroup H C G one 
associates the isomorphism class [G/H] of the G-set G/H. The Grothendieck 
ring Ko{f.G -sets) of finite G-sets (also called the Burnside ring of G: see, 
e.g., [9]) is the (abelian) group generated by the isomorphism classes of finite 
G-sets modulo the relation [A 11 5] = [A\ + [B] for finite G-sets A and B. 
The multiplication in Kq{{.G -sets) is defined by the cartesian product. As an 
abelian group, i^olf-G-sets) is freely generated by the isomorphism classes of 
irreducible G-sets. The element 1 in the ring i^'o(f-G-sets) is represented by 
the G-set consisting of one point (with the trivial G-action). 

There is a natural homomorphism from the Burnside ring ii'o(f. G-sets) to 
the ring R{G) of representations of the group G which sends a G-set X to the 
(vector) space of functions on X. If G is cyclic, then this homomorphism is 
injective. In general, it is neither injective nor surjective. 

For a subgroup H C G there are natural maps Res^ : -K'o(f. G-sets) — > 
Ko{f.H -sets) and Ind^ : Ko{f.H -sets) — )■ iiro(f. G-sets). The restriction map 
Res^ sends a G-set X to the same set considered with the if-action. The 
induction map Ind^ sends an H-set X to the product G x X factorized by the 
natural equivalence: {gi, xi) = {g2, X2) if there exists g E H such that g2 = gig, 
X2 = g~^xi with the natural (left) G-action. Both maps are group homomor- 
phisms, however the induction map Ind^ is not a ring homomorphism. 

For an action of a group G on a set X and for a point x G X, let G^ = 
{g E G : gx = x} he the isotropy group of the point x. For a subgroup H C G 
let X^^^ = {x & X : Gx = H} be the set of points with the isotropy group H. 

The Saito duality is applied to the monodromy zeta functions of quasiho- 
mogeneous (hypersurface) singularities and thus we shall restrict our discussion 
to this situation as well. 

Let /(xi, . . . , Xn) be a quasihomogeneous polynomial in n variables with re- 
duced weights Wi, . . . , Wn and quasidegree d. The monodromy transformation 
of / can be defined as the element h = hj & Gf given by 

h= (^exp{27iiwi/d), . . . ,exp{27iiwn/d)) . 

As a map from the Milnor fibre V/ = /^^(l) of / to itself, h defines an action 
(a faithful one) of the cyclic group G = of order d on Vf. Let 

C/W = n (^^^(i^ - ^ ■ (4) 

q>0 
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be the (classical) monodromy zeta function of / (that is the zeta function of 
the transformation h). One can show that in the described situation one has 

m\d 

where Sm = xi^f '^^™^)/'m are integers. If in (jl]) one considers the action of 
h^, on the reduced homology groups of V/, one obtains the reduced monodromy 
zeta function Cf(t) = (f{t)/{l — t). 

Let a finite Z^-set set X represent an element a G ii'o(f.Z^-sets). One can 
consider X as a (discrete) topological space with a transformation h of order 
d {h is a generator of the group Z^). Let Ca(^) be the zeta function of the 
transformation h : X ^ X. The correspondence a i— t- Ca{t) (being appropri- 
ately extended: (a-bit) '■= Cait)/(bit)) defines a map from the Burnside ring 
Koii.Z^-sets) to the set of functions of the form ([1]). One can easily see that 
this is a one-to-one correspondence. A function (p of the form ([1]) corresponds 
to the element ^ Sm['^d/'^d/m]- Thus the zeta function of a transformation of 

m\d 

order d (of a "good" topological space, not necessarily of a finite one, say, of 
the monodromy transformation hf above) can be regarded as an element of 
the Burnside ring ii'o(f.Z^-sets). 

Now let G be a subgroup of the symmetry group Gfoif containing the 
monodromy transformation h. The description above inspires the following 
definition. 

Definition: The G-equivariant zeta function of / is the element 

C?= E^(^r/G)[G/i7] (5) 

HcG 

of the Burnside ring KQ(f.G -sets). 

The coefficient x(^/ /G) is the Euler characteristic of the space (a man- 
ifold) of orbits of type G/H m Vj. 

Definition: The reduced G-equivariant zeta function of f is C,^ = C,'^ — \. 

Remarks. 1. For a group of symmetries of a function / (/ is not necessarily 
quasihomogeneous and G is not necessarily abelian or containing h) the ele- 
ment defined by ([5]) can be regarded as an equivariant Euler characteristic of 
the Milnor fibre Vf. (This definition was already used in, e.g., ^13j, j8].) In 
particular, under the natural map from the Burnside ring i^'o(f-G-sets) to the 
ring of representations R{G), it maps to the equivariant Euler characteristic 
of the Milnor fibre in the sense of [T7j. In the situation when the group G 
contains the monodromy transformation h, this element can be regarded as 
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an equivariant version of the monodromy zeta function as well. In particular 
it determines the classical zeta function C/(^) of /• see Remark 2 below. For 
a non-degenerate /, the analogue of the reduced G-equivariant zeta function 
can be regarded as a G-equivariant Milnor number. 

2. For a subgroup H G G {G is a. group of symmetries of /) containing 
the monodromy transformation h, the i^-equivariant zeta function of / is the 
restriction of its G-equivariant zeta function: (j^ = Res^C/^. In particular, the 
G-equivariant zeta function of / determines the (/t)-equivariant zeta function 
corresponding to the (cyclic) group generated by the monodromy transforma- 
tion h of f and therefore the classical zeta function C/(^) of /• 

3 Equivariant Saito duality 

The Saito duality is a duality between rational functions of the form ([T]). As 
described above, these functions are in one-to-one correspondence with the 
elements of the Burnside ring Ko(i.Zd-sets). Let us describe the (classical) 
Saito duality in terms of the Burnside ring. 

A finite Z^-set is the union of -orbits of the form Z^/Z^/^ (consisting 
of m points). One can see that the Saito duality is induced by the map from 
Xo(f-^(i-sets) into itself which substitutes each orbit (an irreducible Z^-set) 
consisting of m points by an orbit consisting oid/m points. An orbit consisting 
of d/m points can be regarded as the cyclic group 'Ld/m- However it should 
not be identified with the isotropy subgroup of the -action on the initial 
orbit (also isomorphic to 'Ld/m)'- there is no natural (non-trivial) action of the 
group on its subgroup lid/m- Instead of that one can regard the (classical) 
Saito duality as an isomorphism between (the abelian groups) -K'o(f.Zd -sets) 
and ii"o(f.Z^-sets) where Z^ = Hom(Zd,C*) is the group of characters of Z^ 
(Z^ is isomorphic to Z^, but this isomorphism is not canonical). An element 
a G Ko(f.Zrf-sets) can be written as 

SH[^d/H]. 

The classical Saito duality associates to a the element 

of the Burnside ring i^'o(f-^d-sets), where H is the dual subgroup of Z^. 
This inspires the following definition. 

Definition: Let G be a finite abelian group. The equivariant Saito duality 
corresponding to the group G (or G-Saito duality) is the group homomorphism 
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Dg '■ -ft'o(f-G'-sets) — 7- i^'o(f.G'* -sets) sending an element a = Yl sh[G/H] to 
the element a = Dca = ^ sh[G*/H], where H is the dual to H with respect 

HcG 

to G. 

One can easily see that Dq is an isomorphism of abelian groups. 
Remark. One can regard the correspondence a i—)- a as a Fourier transfor- 
mation from ii'o(f-G'-sets) to Ko(f-G'* -sets). The understanding of the Saito 
duality as a duality between objects corresponding to a group G and objects 
corresponding to the group G* is consistent with the idea that a duality be- 
tween orbifold Landau-Ginzburg models includes substitution of a group by 
the group of its characters: see, e.g., [3], [7]. Let us recall that the symmetry 
group Gj of the Berglund-Hiibsch transpose / of an invertible polynomial / is 
isomorphic to the group of characters of G/. 



4 Equivariant monodromy zeta functions of 
dual invertible polynomials 

Let /(xi, . . . , x„) = Yl Yl ^ be an invertible polynomial, let / be the 

i=ij=i 

Berglund-Hiibsch transpose of it, and let G = Gf and G* = Gj be their 
symmetry groups. 

Theorem 1 The reduced equivariant zeta functions (9 and (~* of the poly- 

nomials f and f respectively are {up to the sign (—1)") Saito dual to each 
other: 

cf = {-irDGCf. 

Proof. For a subset / C /q = {1, 2, . . . , n}, let C'^ := {(xi, . . . , Xn) G C" : Xi = 
for i ^ /}, (C*)^ := {(xi, . . . , x„) G C" : Xi ^ for i G /, Xi = for i ^ /}. 
One has C" = JJ (C*)^ Vf = ]} V>n(e)^ Let GjcG and C G* be the 

ICio iclo 

isotropy subgroups of the actions of G and G* on the torus (C*)"^ respectively. 
(These isotropy subgroups are the same for all points of (C*)^.) 

Let be the lattice of monomials in the variables xi, . . . , x„ ((/ci, . . . , kn) G 
Z" corresponds to the monomial xj^---x^") and let := {{ki, . . . ,kn) G 
Z" : fcj = for i ^ /}. For a polynomial g in the variables xi, . . . , x^, let 
supp(? C Z" be the set of monomials (with non-zero coefficients) in g. 

One has 

C? = E Cf' where (f'' := xiiVf n /G)[G/G'j] , C? = C? - 1 • (6) 

icio 
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(Note that Cf® = 0.) Here x((V/ n (C*)^/^) = xiVf n {C*y)\G^f\/\G\. One 
can consider only the summands C/''^ with the coefficient x((Kf i^*)^)/^) 
different from zero. The coefficient x((Kf i'^*)^)/^) different from if and 
only if xi^f l~l {C*)') 7^ 0. From the Varchenko formula [IB], it follows that 
the latter Euler characteristic is different from zero if and only if supp f (IZ^ 
consists of |/| points. 

Let I supp / n Z^l = |/| =: k. Renumbering the coordinates Xi and the 
monomials in / permits to assume that I = {1, . . . , k} and the matrix E is of 
the form 

■ Ei 



E 



E7 



where Ej and Ej are square matrices of sizes k x k and {n — k) x {n — k) 
respectively. One has |supp/ fl = \I\ = n — k. 

Lemma 1 Under the above assumptions, one has 



Proof. Let g and g be the restrictions of the polynomials / and / to and 
to respectively. There are the following two exact sequences 








1 



Gf 



Gg , 
Gg. 



One has \G 



f\ 



\Gg\\Gg\ 



\Gj\ 



d = detE, \Gg\ = detEj, 16*31= detii^j, and therefore 



d. This implies that 



\Gf\\G^j\ > d. 



(7) 



(Moreover, = d if and only if the homomorphisms Gj ^ Gg and 

Gj— 7- Gg are surjective.) 

Elements A = (exp(27ri ai), . . . , exp(27ri «„)) G Gj and fi = 

(exp(27ri /3i ),..., exp(27ri /?„)) G Gf belong to G~ and to if and only if 
ak+i = . . . = a„ = mod 1 and (3i = . . . = (3k = mod 1 respectively. There- 
fore 

/ \ 



{a,f3)E = («!,..., afc,0,...,0) 



Ej 

* E-r 
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and (A, /i)^ = 1. Thus G-C Gi and therefore 

\Gf\\Gj\<d. (8) 

The inequahties ([7j) and ([8]) imply that IGjUG-l = d, \G^j-\ = detEj, G~ = 
detEi, and G'l=G^f. □ 

Due to the Varchenko formula, the Euler characteristic of the intersection 
V7n(C*)^ of the Milnor fibre Vj with the torus (C*)^ is equal to (-1)'''^ det Ej = 
{-l)''-^\Gf\/\G^j\. Therefore 

x{{Vfn{C*y)/G) = {-if\-'. 

In the same way 

x((v~n(cy)/G*) = (-ir-i^i-^ 

This establishes the equivariant Saito duality (up to the sign (—1)") be- 
tween all the summands in the equation (I6j) for (^9 and (~* corresponding to 

proper subsets I Q Iq- One can see that the summand in corresponding to 
/ = Jo is dual (up to the sign (—1)"") to the summand —1 in the reduced zeta 
function (~* . This implies the statement. □ 



5 Geometric roots of the monodromy and the 
equivariant duality 

In [S] there were defined geometric roots of the monodromy transformation. 
For an invertible polynomial / a geometric root of degree Cf = gcd(wi, . . . , Wn) 
{wi are the canonical weights of /) of the monodromy transformation hf is an 
element \/h = y/hf of the symmetry group Gf such that (\/hyf = The 
order of the monodromy transformation hf of f is equal to the reduced degree 
d = d/cf of the polynomial /. This implies the following statement. 

Proposition 3 Geometric roots of degree Cf of the monodromy transformation 
hf exist if and only if the symmetry group Gf of f is cyclic. 

If geometric roots of degree Cj of the monodromy transformation hf exist, 
then each of them is a generator of the symmetry group Gf = Z^. In this 
case the symmetry group Gj- = G*f of the Berglund-Hiibsch transpose / of 
/ is also a cyclic group of order d. The monodromy transformation hj is an 
element of order dj= d/cj'ui it and therefore it has a geometric root of order 



10 



cj. Together with the fact that the equivariant Saito duahty for the group 
differs from the classical one only by the sign (—1), Theorem [T] implies the 
following statement. 

Corollary 1 // geometric roots \/hf of degree Cf of the monodromy trans- 
formation hf exist, then geometric roots Vhj of degree cj of the monodromy 
transformation hj also exist and one has 

with respect to the quasidegree d = detE. 

This statement was proved in [5] for non-degenerate invertible polynomials 
in 3 variables and for such polynomials in an arbitrary number of variables of 
pure loop or chain type. 
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